Spectral decomposition of dynamical equations using curl-eigenfunctions has been extensively used in fluid and plasma dynamics problems using their orthogonality and completeness properties for both linear and non-linear cases. Coefficients of such expansions are integrals over products of Bessel functions in problems involving cylindrical geometry. In this paper, certain identities involving products of two and 
I. Introduction
Eigenfunctions of the curl operator, also known as Chandrasekhar-Kendall (C-K) functions [1] and their generalization to other geometries, can be used as basis functions to expand vector fields in spectral decomposition methods because of their orthogonality and completeness as well as because of simplifications introduced in handling electromagnetic fields and fluid vorticity [2] . This is usually confined to linear equations because of the limitations involved in determining the spectral coefficients of such expansion. In cylindrical geometry, C-K functions have Bessel functions describing radial modes, sine and cosine functions describing axial modes in a periodic boundary condition and the azimuthal modes. If the dynamical variable are expressed as Fourier-Bessel series in C-K functions (each C-K function representing an eigenmode), then their products in non-linear equations would be described as a double series in products of C-K functions. If a product of C-K functions itself can be expressed as Fourier Bessel series in C-K functions, then the spectral decomposition method can in principle be extended to non-linear equations as well, facilitating transformation of partial differential equations representing non-linear dynamics problems into time evolution equations by eliminating spatial dependences. This involves numerically evaluating and tabulating integrals involving products of three C-K functions. However, when large mode numbers, representing finer spatial scales, are involved, the integrands vary rapidly causing difficulties in numerical evaluation. Analytical expressions for such integrals would be very useful in dealing with large mode number situations enabling a deeper understanding of scaling relationships in the parameter space. If analytical methods are not available, a large computational effort required to generate a database of such integrals using arbitrary precision methods once for all would be quite useful.
In this paper, an attempt is made to derive some integral identities involving products of Bessel functions, encountered in simple problems with azimuthally symmetric geometry. Some of these identities have been useful in the study of Turner relaxation of annular magnetized plasma [3] , where quadratic integral quantities such as helicity and total energy were expressed as algebraic functions of the arbitrary constants of the general solution of Bessel's equation, allowing their determination by a minimization procedure. A part of the following is included in the appendix of [3] , which is re-derived below for the sake of completeness and continuity.
II. Identities involving products of two functions:
The functions
where a and b are arbitrary constants, obey the following relations common to nn J and Y , the Bessel functions of first and second kinds with integral order n.
If Up(x) and Vq (x) are two solutions of Bessel's equation of order p and q, then the following identity is known [4] :
, (where Z and Z could in general have different values of a and b, a situation which might be encountered in some problems) and using 2 and 3
In the case of a problem with annular cylindrical geometry [2] , where the normalized inner radius corresponds to x=1, the normalized outer radius corresponds to x=A, (=outer radius /inner radius) and physical boundary conditions require that some of the fields (expressed as linear combination of Bessel functions for a given order n) vanish at the boundaries:
This orthogonality relation, which is a direct consequence of the boundary conditions, allows expressing quadratic integral forms, defined over an annular domain, involving physical fields, such as total energy, power dissipation, helicity, stress tensor in terms of the arbitrary coefficients a,b which define the linear combination in equation 1 and which can be determined at the end of the problem through an extremum principle.
For subsequent discussion, Z and Z are taken to be identical. Substitute =+ and expand in first power of  and take the limit as 0.
For n=0 and n=1
Multiplying 2 and 3 for xx, recurrence relation is obtained for higher order integrals similar to 9, 10:
    obtained from 2 and 3, the following can be derived
Using 8 with n=0 and 4,
Adding 16 and 13
Subtracting 13 from 17
Multiplying 2 and 3 for xx, with a little manipulation, recurrence relation is obtained for higher order integrals similar to 17, 18
This yields the formula
The following result can be derived either from 22 or from 9
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Some of these results have been used in ref. [3] .
III. Identities involving products of three functions:
In the following, functions representing indefinite integrals will be written with explicit functional dependence (x). Define 
An alternate (but not independent) relation between the two integrals can be obtained as follows 
This can be used to eliminate one of the integrals giving a differential equation for 000  000   2  2  2  2  2  2  2  2 2  2  2  2  2  2 2   2  2  2  2  2 
Although the solution of 42 can be formally written down, no simple formula is found for
Starting from 28,
For the special condition  
In a similar manner, the following identities can be proved The importance of these integrals may be appreciated from the following. The product of two Bessel functions may be expanded into a Fourier-Bessel series:
The coefficients of this expansion are given by
As an illustration, consider the generalized Ohm's law for a two-fluid plasma with electron inertia [5]   
Expressing the electric and magnetic fields in terms of C-K functions in cylindrical geometry with azimuthal symmetry having time dependent mode amplitudes, a system of time evolution equations can be obtained whose left hand side consists of a linear differential operator acting on the mode amplitudes and right hand side consists of a "sum over modes" of terms involving products of quantities related to the mode amplitudes weighted by coefficients of the form given by 51 and 52. In the case being considered, it turns out that all the coefficients are of one of the three form: The starting point is the result that p th zero of Bessel function of first kind of order 1 is j p~p  for large p and the asymptotic approximation for Bessel functions of first kind for integral orders [6] for large values of the argument:
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